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Abst rac t - - In  this paper, we use the decomposition method (of Adomian) for solving differential 
systems coming from physics (meteorology). We also give a comparison between the Runge-Kutta 
method and the decomposition technique. Furthermore, we reconfirm the famous "Butterfly effect." 
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1. INTRODUCTION 
The decomposition method was introduced by Adomian [1-3] in the 1980s in order to solve linear 
and nonlinear functional equations (algebraic, differential, partial differential, integral, etc.). 
Adomian has developed a decomposition technique for solving nonlinear functional equations 
such as the following (written in the so-called canonical form): 
u - N(u) = f, (1) 
by means of the following iterated scheme: 
uo = f ,  (2) 
un+l = An (u0,. . . ,un),  n = 0,1,2, . . . ,  
where A~(uo, . . . ,  us) are polynomials (called Adomian polynomials) of u0 , . . . ,  Un [1-3]. Proofs 
of convergence are given in [4-9]. Practical formulae for the calculation of Adomian polynomials 
are given in [3,9,10]. 
2. THE DECOMPOSIT ION METHOD APPL IED TO 
D IFFERENTIAL  SYSTEM 
In [11], the authors have solved the following system of differential equations: 
dui 
d-'-t" = f i (u i , . . . ,  Up) -4:- gi, i = 1 , . . . ,p ,  (3) 
ui(t)t=0 = c~,0, 
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where the f i 's are the nonlinear terms and with gi given for i = 1, . . .  ,p. 
are calculated by the formulae given in [10]. Each term of the series 
~--~ ?.ti, n 
n=O 
solution of (3) can be identified by the formulae given in [3]: 
ui,o : ci,o + L-lgi ,  
Ui,n+ 1 ~ L-1Ai,n, n ~_ O, 
where 
The polynomials An 
(4 )  
(5) 
where the Ci,n are given by 
Ci,n+ 1 ~- 
with 
A(n, k,p) = 
C(n ,  k,  p)  = - -  
V(n, k, p) ----- 
The proof is given in [11]. 
COROLLARY 2. I f  gi = 0, for i = 1, . . . ,  p, the two schemes (5) and (8) #re  the same solutions. 
The common solution is defined by 
oo tn 
u~ : ~ c~,. ~ ,  (9) 
n=O 
c~,o = u~ (o),  ( lo)  
E A(n, k,p).C(n, k,p).V(n, k,p), (11) 
kl, l  +.. .+nknln +k2,1+"'+nk2,n +'"+kp,l  +"'+nkp,n =:n 
n! 
(II) k' ,+k2 ,  +. . .+k~,  (~ . . .  (n , )k , , .  +k2 . .+  • +k~. . ,  • , , , ~2bk~,~+k,,~+...+k,,~ __ .  
kx,1 kl ,~ k2,a k2,~ kp,1 k~ 
C1,1 Cl, n C2,1 C2, n Cp, 1 Cp,~ 
k l , l ! ' "  kl,n!'k2,1!"" k2,n!"" kp,l!"" kp,n!' 
ok l , l  +kl,2 +"'+kx,~. +k2,1+k2,2+'"+k2,~+'"Tk~,l +kp,2T'"+kp,~, 
o kl 1-{'-kl 2"t-""-I'-kl n ,'~ kp lack.  2+'""{'-k. n " f i (UO' l ' " " " '  UO'p)" 
U 1 ' ' ' . . .  OUp ' ' ' 
(12) 
(13) 
(14)  
g~")(0) (s) 
f l~ , .  = n!  
Ui,n+l "= L-1Ai,n + L-l~i,n t n, 
?~i,O ~ Ci,o~ 
t 
L-l( .)  = f (.) ds. 
J 
0 
The exact solution of the system (3) is now determined. However, all terms of the series 
oo 
~u~,°  (6) 
n=O 
cannot be determined and the sum cannot be generally calculated; so we use an approximation 
of the solution given by the truncated series 
n--1 
¢,,n = X: u~,k. (7) 
k=O 
We shall use the following two results. 
THEOREM 1. Suppose that the f i (u l , . . . ,  Up), i = 1, . . .  ,p, are infinitely differentiable and that 
9i are expandable in entire series in the neighborhood of to = O, then the series solutions of (3) 
are given by the formulae 
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3. LORENZ'S  EQUATION 
First consider the equation initially studied by the meteorologist Lorenz in [12]. Lorenz was 
interested in atmospheric convection. After several approximations, he came down to a set of 
three coupled nonlinear differential equations (see [12-14]). 
dx 
d---t = a(y - x), 
dy = Rx  - y - xz, (15) 
dt 
dz 
dt xy + bz, 
where s, R, and b are constant parameters (  = 10, R = 28, b = -8/3).  The initial conditions 
are given by x(0) = -15.8, y(0) = -17.48, z(0) = 35.64. 
For ten years, the Lorenz's equations were forgotten. Then, they were considered again for their 
chaotic proprieties [12]. We want to solve the Lorenz differential system by using the Adomian 
method. The solution found by Lorenz is numerical and its graphic representation is called the 
Lorenz's butterfly effect. We applied Theorem 1 and Corollary 2 for solving (15). 
By using the relationships (9), we have 
oo tn ~ tn oo tn 
x= E x,~-~.., Y= A_,Yn-~., and z= E z,,-~.. (16) 
n=O n-----O n=O 
Then, we have calculated for t • [0, tl] with Maple V, the four first terms of the series and we 
obtained 
xl = -15.8 - 16.80t + 774.960t 2 + 2170.525334t 3, 
y~ = -17.48 + 138.192t + 1426.11760t 2 - 7682.957638t 3, 
zl = 35.64 + 181.1440t - 1186.410134t 2 - 11745.60804t 3. 
(17) 
(18) 
(19) 
and 
P 
X (t) = ~ xk (t) x[t~_l,t~l (t), t • [0, T], (20) 
k=l  
P 
y(t)  = ~y~ (t)xEt~_~,t~j (t), t • [O, Tl, (2i) 
k=l 
P 
Z (t) = E zk (t) X[tk-,,tk] (t), t • [0, T], (22) 
k=l 
where 
1, t • [tk-l,k], 
X[t~_,,tk] (t) = O, t ~ [tk- l ,k] ,  (23) 
P 
[0, T] = U [tk- l ,tk].  (24) 
k=l 
A simple representation f this solution is given in Figures 1-3. 
By using the Runge-Kutta method, we obtained in Figure 4 the plot of the solution giving the 
"Lorenz butterfly effect." 
By using the Adomian method applied to system (15) with initial conditions X2(tl) ---- x1(t l ) ,  
y2(tl) = Yl(t l ) ,  z2(tl) = zl(tt), we calculate for t e [tl,t2] the solution x2(t), y2(t), z2(t). The 
global solution is given by 
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Figure 1. Solution X(t) for T = 20. Figure 2. Solution Y(t) for T = 20. 
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Figure 3. Solution Z(t) for T = 20. Figure 4. The  Lorenz's butterf ly effect 
obtained by the R.unge-Kutta technique. 
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4. CONCLUSION 
The decomposition technique has been applied for solving the system of Lorenz. It gives a 
simple and powerful tool for obtaining the solution of differential systems. The three projections 
of the curves obtained by the Runge-Kutta technique (see Figure 4) are similar to those obtained 
by Adomian method (see Figures 1-3). It is a consequence of the theoretical properties of the 
decomposit ion method proved in [4]. Furthermore, we used 400 subdivisions of [0, T] for the 
classical Runge-Kut ta  method and only 20 subdivisions of [0, T] are sufficient for giving the 
same solution by the Adomian method. The convergence of the Adomian method is faster than 
Runge-Kut ta  technique. Unlike numerical Runge-Kutta  method, Adomian's technique gives exact 
solution in each subdivision without discretization of time. 
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